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Ž . Ž .Let f s f be a martingale and w a sequence of positive numbersn nG 1 n nG 1
such that W s Ýn w “ ‘. Kazamaki and Tsuchikura proved that f convergesn ks1 k
p Ž . Ž Ž ..in L 1 - p - ‘ if and only if the weighted average s f of f converges inn nG 1
p Ž .L , where s f are given byn
n1
s f s w f , n s 1, 2, . . . .Ž . Ýn k kWn ks1
Ž .We shall investigate the convergence of f and s f in general Banach functionn
spaces X. Our main result can be applied to the case where X is a
rearrangement-invariant space, or X is a weighted L p-space with a weight function
satisfying the condition A introduced by Izumisawa and Kazamaki. Q 2000 Aca-p
demic Press
Key Words: martingale, weighted average, Banach function space, rearrange-
ment-invariant space.
INTRODUCTION
Ž .Let w be a sequence of positive numbers such thatn nG1
n
W [ w “ ‘ as n “ ‘.Ýn k
ks1
Ž . Ž Ž ..We shall call w a weight sequence. The weighted average s f of an n
Ž . Ž Ž ..martingale f s f with respect to w is given byn nG1 n
n1
s f s w f , n s 1, 2, . . . . 1Ž . Ž .Ýn k kWn ks1
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w x 5 Ž .5Kazamaki and Tsuchikura proved in 7 that sup s f - ‘ if and onlypn n
5 5if sup f - ‘, where 1 F p - ‘. From this fact and the martingalepn n
Ž w x. Ž .convergence theorem see, e.g., 4, p. 28 , it follows that f s f con-n
p Ž Ž .. pverges in L if and only if s f converges in L for any fixedn
1 - p - ‘. We shall see later that the result is also valid for p s 1 or
Ž .p s ‘ cf. Theorem 2 .
In this paper, we shall investigate the relationship between the conver-
Ž . Ž Ž ..gence of f s f and the convergence of s f in general Banachn n
Ž .function spaces X see Definition 1 . We want to characterize Banach
Ž .function spaces X such that a martingale f s f converges in X if andn
Ž Ž .. Ž .only if s f converges in X for any weight sequence w . According ton n
Ž . Ž . Ž Ž ..Lemma 2 below, if w increases very rapidly, then f s f and s fn n n
converge simultaneously in any Banach function space X. As Example 1
Ž . Ž Ž ..shows, however, there exists a martingale f s f such that s fn n
converges in X while f itself does not converge in X. We shall give a
Ž . Ž Ž ..sufficient condition which assures that f s f and s f convergen n
Ž . Ž .simultaneously in X for any weight sequence w Theorem 2 . In then
p Žcase where X is a weighted L space, the condition is nearly necessary cf.
.Theorem 4 and Example 1 .
1. DEFINITIONS AND NOTATION
Ž .Let V, F, P be a complete probability space. Unless otherwise stated,
Ž . Ž .we shall consider martingales f s f on V, F, P ; to specify then nG1
Ž .filtration relative to which f s f is a martingale, we also write f sn
Ž .f , F .n n nG1
Ž 5 5 . Ž .DEFINITION 1. A Banach space X, ? of equivalence classes ofX
random variables on V is said to be a Banach function space if X has the
following properties:
Ž . ‘ 1a L ¤ X ¤ L ;
Ž . < < < < 5 5 5 5b if x F y a.s. and y g X, then x g X and x F y ;X X
Ž . 5 5c if 0 F x › x a.s., x g X, and sup x - ‘, then x g X andXn n n n
5 5 5 5x s sup x .X Xn n
Let X be a Banach function space. We say that x g X has absolutely
5 5continuous norm if x1 x0 whenever A g F and A xB a.s. If everyXA n nn
x g X has absolutely continuous norm then X itself is said to have
< <absolutely continuous norm. If X has absolutely continuous norm, x F yn
5 5 ‘g X and x “ x a.s., then x y x “ 0. Hence L is dense in X, if XXn n
w xhas absolutely continuous norm. For details, see 1, pp. 14]16 .
Many function spaces which come up in probability theory are rear-
rangement-invariant.
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DEFINITION 2. A Banach function space X is said to be rearrangement-
Ž .in¤ariant r.i. if X has the following property: if x and y have the same
5 5 5 5distribution and y g X, then x g X and x s y .X X
For each x g L1, we denote by xU the nonincreasing rearrangement of x
given by
U < <x t s inf l ) 0: P x ) l F t , 0 F t F 1, 4Ž . Ž .
U < <with the convention that inf B s ‘. Note that x and x have the same
distribution, i.e.,
< < Uw xP x ) l s m t g 0, 1 : x t ) l , l G 0,Ž . Ž .Ž .
w x Ž w x.where m stands for Lebesgue measure on the interval 0, 1 cf. 1, p. 39 .
When the underlying probability space V contains an atom, it is
sometimes useful to deal with universally rearrangement-invariant spaces
rather than r.i. spaces.
DEFINITION 3. A Banach function space X is said to be uni¤ersally
Ž .rearrangement-in¤ariant u.r.i. if X satisfies the following condition: if
t U Ž . t U Ž . w xH x s ds F H y s ds for every t g 0, 1 and y g X, then x g X and0 0
5 5 5 5x F y .X X
Clearly, every u.r.i. space X is r.i.; when V contains no atom, every r.i.
Ž w x.space X is u.r.i. cf. 1, p. 90; 10, p. 115 .
p F Ž w x.For example, L -spaces, Orlicz spaces L cf. 1, p. 270 and Lorentz
p, q Ž w x.spaces L cf. 1, p. 216 are r.i. spaces. In fact, Luxemburg’s representa-
tion theorem shows that these spaces are u.r.i.; a Banach function space X
˜is u.r.i. if and only if there exists a r.i. space X over the probability space
Žw x .0, 1 , m such that
5 5 5 U 5x s x 2Ž .˜X X
Ž w x w x. FŽ .for every x g X see 1, p. 90 or 10, p. 121 . Note that, if X s L V and
˜ F FŽw x. Ž .X s L 0, 1 , then Eq. 2 holds for every x g X. Therefore, L is u.r.i.,
and in the same way, L p and L p, q are u.r.i.
2. CONVERGENCE OF WEIGHTED AVERAGE
OF MARTINGALES
In this section, we shall investigate the convergence and boundedness of
the weighted average of martingales in a Banach function space X.
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Let 1 F p F ‘ and G be a sub-s-field of F. Then we have
p5 5w xE x ‹ G F x for every x g L .p p
This fundamental inequality for conditional expectation is frequently used
w xin the theory of martingales and means that E ?‹ G is a bounded linear
operator on L p into itself. Furthermore, if F is an increasing convex
Ž .function with F 0 s 0, then Jensen’s inequality gives that, for every
x g LF,
< <w xE x ‹ G x
E F F E E F Gž /ž /5 5 5 5x xF F
< <x
s E F F 1.ž /5 5x F
5 w x5 5 5 w xThis shows that E x ‹ G F x and hence E ?‹ G is a bounded linearF F
operator of norm one on LF into itself.
w xLet X be an arbitrary Banach function space. Then E ?‹ G may not be
Ž w x. w xa bounded linear operator on X into itself cf. 9 . In 8, 9 , we proved
that, when X has absolutely continuous norm, every uniformly integrable
Ž . w xmartingale f s f , F converges in X if and only if each E ?‹ F is an n nG1 n
5 w x5bounded linear operator on X into itself and sup E ?‹ F - ‘. We shalln n
w xsee that this hypothesis on E ?‹ F is crucial for our present purpose also.n
Ž Ž . 5 5 .In what follows, we denote by L X , ? the space of boundedL Ž X .
linear operators on X into itself, and by E the conditional expectationn
w x Ž .operator E ?‹ F for a given filtration F .n n nG1
w xTheorem 1 and Corollary 1 of 7 are special cases of the following
theorem.
Ž .THEOREM 1. Let X be a Banach function space, f s f , F an n nG1
Ž . Ž .martingale, and w a weight sequence. If E g L X for all n G 1 andn nG1 n
5 5C [ sup E - ‘, thenL Ž X .n n
5 5sup s f F sup f F C sup s f , 3Ž . Ž . Ž .Xn n nX X
n n n
Ž . Ž .where s f is gi¤en by Eq. 1 .n
Proof. The left inequality is clear from the simple inequality
n1
5 5s f F w f .Ž . Ý Xn k kX Wn ks1
To prove the right inequality, observe that for all m G n,
W W y Wn m n
E s f ‹ F s s f q f . 4Ž . Ž . Ž .m n n nW Wm m
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This implies that for every m ) n,
W y W Wm n n
5 5f F s f q E s f ‹ FŽ . Ž .Xn n m nX XW Wm m
WnF sup s f q C sup s f .Ž . Ž .n nX XW n nm
Ž .Letting m “ ‘, we obtain the right inequality of Eq. 3 , since W “ ‘.m
ŽCOROLLARY 1. Suppose that X is a u.r.i. space or r.i. space if V
. Ž .contains no atom . Then a martingale f s f is bounded in X if and onlyn nG1
Ž Ž ..if s f is bounded in X, and in that casen nG1
5 5sup f s sup s f .Ž .Xn n X
n n
Ž .Proof. In view of Theorem 1, it suffices to show that E g L X andn
5 5E F 1 for each n G 1. This is an immediate consequence ofL Ž X .n
w xCalderon’s work 2 . We shall give here a more direct proof via the formula´
t U 1 ‘5 5 5 5x s ds s inf x q t x : x s x q x , x g L , x g L ,Ž .  4H 1 ‘1 2 1 2 1 2
0
1 w x w xwhich is valid for all x g L and t g 0, 1 . For the proof, see 1, p. 74 .
Suppose that x s x q x , x g L1, and x g L‘. Then we have1 2 1 2
t U 5 5 5 5 5 5 5 5E x s ds F E x q t E x F x q t x ,Ž . Ž .H 1 ‘ 1 ‘n n 1 n 2 1 2
0
1 Ž ‘.since E is an operator of norm one from L or L into itself. Taking then
infimum of the right-hand side, we obtain
t tU UE x s ds F x s ds, 0 F t F 1.Ž . Ž . Ž .H Hn
0 0
5 5 5 5From Definition 3, we see that E x g X and E x F x wheneverX Xn n
Ž . 5 5 5 5x g X. Thus, E g L X and E F 1, as desired. In fact, EL Ž X . L Ž X .n n n
s 1 for all n, since E x s x for every F -measurable x.n n
Ž . 5 5Remarks. i We cannot remove the hypothesis sup E - ‘ inL Ž X .n n
Theorem 1, as Example 2 shows in Section 4.
Ž .ii There exists a Banach function space X which is not r.i. and a
Ž . 5 5filtration F such that sup E - ‘; see Section 3.L Ž X .n nG1 n n
MASATO KIKUCHI44
In the proof of the following lemma, we will use the criterion for
Ž wuniform integrability of random variables due to la Vallee-Poussin see 3,´
x. 1p. 38 . Recall that a family H ; L is uniformly integrable if and only if
Ž .there exists a nonnegative convex increasing function F such that F t rt
“ ‘ as t “ ‘ and
< <sup E F x \ a - ‘. 5Ž . Ž .
xg H
Note that we may assume a F 1 by taking ay1 F instead of F, if
Ž .necessary. Hence, Eq. 5 can be replaced by
5 5sup x F 1,F
xg H
5 5 Žw x.where ? denotes the Luxemburg norm 1, p. 268 .F
Ž .LEMMA 1. Let X be a Banach function space, f s f a martingale,n nG1
Ž . Ž Ž .. Ž .and w a weight sequence. If s f con¤erges in X, then f s fn nG1 n nG1 n
is uniformly integrable and f s lim f g X.‘ n“‘ n
Ž Ž .. 5 Ž .5Proof. Assume that s f converges in X. As sup s f - ‘, weXn n n
5 Ž .5 Ž .have sup s f - ‘ by a of Definition 1. We may apply Corollary 11n n
1 Ž w x. 5 5 Ž .with X s L or Theorem 1 in 7 to obtain sup f - ‘. Thus f s f1n n n
Ž Ž ..converges a.s., and hence s f converges a.s. On the other hand, againn
Ž . Ž Ž .. 1 Ž Ž ..by a of Definition 1, s f converges also in L . It follows that s fn n
Ž w x.is uniformly integrable see, e.g., 3, p. 36 . Then there exists a nonnega-
5 Ž .5tive increasing convex function F satisfying sup s f F 1 andFn n
Ž . Flim F t rt s ‘. Since the Orlicz space L is u.r.i., Corollary 1 showst “‘
5 5 Ž .that sup f F 1, which implies the uniform integrability of f s f .Fn n n
< Ž . <Now let f s lim f a.s. Since inf s f › f as n “ ‘ and‘ n n k G n k ‘
5 Ž .5 5 5 5 Ž .5 Ž .sup s f - ‘, we have f g X and f F sup s f by c ofX X Xn n ‘ ‘ n n
Definition 1. This completes the proof.
Ž .The following lemma shows that if a weight sequence w increasesn nG1
Ž . Ž Ž ..very rapidly, then f s f and s f converge simultaneously inn nG1 n nG1
any Banach function space X.
Ž .LEMMA 2. Let X be an arbitrary Banach function space, f s f an nG1
Ž .martingale, and w a weight sequence such thatn nG1
wn
lim ) 0. 6Ž .
Wnn“‘
Ž . Ž Ž ..Then f s f con¤erges in X if and only if s f con¤erges in X.n n
Ž Ž .. Ž .Proof. Assume that s f converges in X. Then f s f is uniformlyn n
Ž .integrable by Lemma 1, and s f “ f in X, where f s lim f a.s. Forn ‘ ‘ n n
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every n G 2, we have
w Wn ny1
s f y f s f y f q s f y f ,Ž . Ž . Ž .Ž .n ‘ n ‘ ny1 ‘W Wn n
and therefore,
w Wn ny1
5 5f y f F s f y f q s f y fŽ . Ž .Xn ‘ n ‘ ny1 ‘X XW Wn n
F s f y f q s f y f .Ž . Ž .n ‘ ny1 ‘X X
Ž . 5 5Since the right-hand side tends to zero, Eq. 6 shows that f y f “ 0Xn ‘
as n “ ‘.
Ž . Ž .Conversely, assume that f s f converges in X. Then f s f isn n
1 5 5uniformly integrable, since it converges a.s. and in L . Since f y f “ 0Xk ‘
as k “ ‘, the inequality
n1
5 5s f y f F w f y fŽ . Ý Xn ‘ k k ‘X Wn ks1
Ž .yields that s f “ f in X. The lemma is established.n ‘
We are now in a position to prove our main theorem.
Ž .THEOREM 2. Let X be a Banach function space, f s f , F an n nG1
Ž . w xmartingale, and w a weight sequence. Suppose that E s E ?‹ F gn nG1 n n
Ž .L X for all n G 1 and
5 5sup E \ C - ‘. 7Ž .L Ž X .n
n
Ž . Ž Ž ..Then f s f con¤erges in X if and only if s f con¤erges in X.n n
Ž Ž .. Ž .Proof. It suffices to show that if s f converges in X, then f s fn n
converges in X. Suppose first that sup W rW \ K - ‘. AccordingnG1 nq1 n
Ž . Ž .to Lemma 1, f s f is uniformly integrable. We have by Eq. 4 thatn
Wn
E s f y f ‹ F s s f y f ,Ž . Ž .Ž .nq1 ‘ n n nWnq1
Ž .and therefore by Eq. 7 that
Wn
s f y f F E s f y f ‹ FŽ . Ž .n n nq1 ‘ nX XWnq1
F C s f y fŽ .nq1 ‘ X
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for every n G 1. Then it follows that
W W Wnq1 n n
5 5f y f F s f y f q s f y fŽ . Ž .Xn ‘ n n n ‘X Xž /W W Wn nq1 nq1
F K C s f y f q s f y f .Ž . Ž .Ž .nq1 ‘ n ‘X X
Since the right-hand side tends to zero, we see that f “ f in X.n ‘
Now we remove the additional assumption sup W rW - ‘. Assumen nq1 n
sup W rW s ‘ or equivalently, sup w rW s ‘, and choose a sub-n nq1 n n nq1 n
Ž .sequence w so thatn jG1j
wn jlim s ‘. 8Ž .
Wj“‘ n y1j
kFor each integer j G 1, set w s w and W s Ý w . It is clear from Eq.j n k js1 jj
Ž .8 that w “ ‘ as j “ ‘ and hence that W “ ‘ as k “ ‘. Furthermore,j k
since
W s w q ??? qw q w F W q w ,k n n n n y1 k1 ky1 k k
we have
W W W Ww wn y1 n n n y1k kk k k k1 q s G G 1 G G G 1 y .
w w W q w wW Wn k n y1 k nk kk k k
Ž .Thus Eq. 8 gives that
W wn kklim s lim s 1. 9Ž .
k“‘ k“‘W Wk k
Now for each k G 1, put
k1
s f s w f .Ž . Ýk j n jWk js1
Ž Ž ..In other words, s f is the weighted average of the martingalek k G1
Ž . Ž . Ž Ž ..f s f , F with respect to w . We show that s f convergesn n k G1 k k G1 kk k
to f in X. Observe that‘
nkW 1k Xs f y f s s f y f q w f y f ,Ž . Ž . Ž .Ž . Ýn ‘ k ‘ m m ‘k W Wn n ms1k k
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where ÝX denotes the sum over m F n such that m / n for any j.k j
5 5 5 5 Ž .Therefore, since f F C f by Eq. 7 , we have thatXm ‘
Wk
s f y fŽ .k ‘ XWnk
nk1
X 5 5F s f y f q w f y fŽ . Ý Xn ‘ m m ‘k X Wn ms1k
nkC q 1
X5 5F s f y f q f wŽ . ÝXn ‘ ‘ mk X Wn ms1k
Wk
5 5s s f y f q C q 1 f 1 y .Ž . Ž . Xn ‘ ‘k X ž /Wnk
Ž . 5 Ž . 5From Eq. 9 and the above inequalities, it follows that s f y f “ 0,Xk ‘
as was to be shown.
Ž . Ž Ž ..Now we prove that f s f converges in X. Since s f converges inn k
Ž . Ž .X and W satisfies Eq. 9 , Lemma 2 shows that f s f converges ink n k G1k
X. If m, n G n , thenk
5 5f y f F E f y f ‹ F q E f y f ‹ FXn m ‘ n n ‘ n mk kX X
5 5F 2C f y f “ 0 as k “ ‘.X‘ nk
Ž .This means that f s f is a Cauchy sequence in X and hence itn
converges in X. The theorem is established.
5 5Remark. In Theorem 2, the hypothesis sup E - ‘ is essential;L Ž X .n n
see Example 1 in Section 4.
Ž . Ž .The equivalence between a and b of the following theorem was given
w x w xin 8 , and in 9 in more general form.
Ž .THEOREM 3. Let X be a Banach function space, f s f , F an n nG1
Ž .martingale, and w a weight sequence. If X has absolutely continuousn nG1
Ž .norm and E satisfy Eq. 7 , then the following conditions are equi¤alent:n
Ž . Ž .a f s f is uniformly integrable and f g X ;n ‘
Ž . Ž .b f s f con¤erges in X ;n
Ž . Ž Ž ..c s f con¤erges in X.n
Ž . Ž . Ž .Proof. In view of Lemma 1, it is clear that b implies c , and c
Ž . Ž . Ž .implies a . Therefore, it suffices to show that a implies b . To this end,
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5 5 ‘we may assume that 1 s 1. First suppose that f g L . For any « ) 0,X ‘
we have
5 5f y f F f y f 1 q f y f 1Ž . Ž .Xn ‘ n ‘  < f yf < F « 4 n ‘  < f yf < ) « 4n ‘ n ‘X X
5 5 5 5F « q 2 f 1 .‘ X‘  < f yf < ) « 4n ‘
Since f “ f a.s. and X has absolutely continuous norm, the last term onn ‘
the right-hand side tends to zero as n “ ‘. Letting « “ 0, we obtain
5 5lim f y f s 0.Xn n ‘
Now assume that f g X. Given an « ) 0, choose a random variable‘
‘ 5 5 ‘g g L so that f y g - « . This is possible, because L is dense in XX‘ ‘ ‘
Ž .as mentioned in Section 1. Using Eq. 7 , we have
5 5 5 5 5 5w xf y f F E f y g ‹ F q g y g q g y fX X Xn ‘ ‘ ‘ n n ‘ ‘ ‘X
5 5F C q 1 « q g y g .Ž . Xn ‘
By what we have proved above, the last term on the right-hand side tends
5 5to zero as n “ ‘. Letting « “ 0, we have lim f y f s 0. ThisXn n ‘
completes the proof.
We have shown in the proof of Corollary 1 that if X is u.r.i., then
Ž . 5 5 Ž .E g L X and sup E s 1 for any filtration F . Hence we haveL Ž X .n n n n
the following.
ŽCOROLLARY 2. Suppose that X is a u.r.i. space or r.i. space if V
. Ž . Ž . Ž .contains no atom and f s f is a martingale. Then b and c ofn nG1
Theorem 3 are equi¤alent. Furthermore, if X has absolutely continuous norm,
Ž . Ž . Ž .then a , b , and c of Theorem 3 are equi¤alent.
Remark. Suppose that V contains no atom and X is a r.i. space. Under
w x Ž . Ž .these conditions, we proved in 9 that, if a of Theorem 3 implies b of
Theorem 3, then X has absolutely continuous norm. In Theorem 2,
however, it is unnecssary to assume that X has absolutely continuous
norm. Let w G 0 be a nondecreasing concave function on the interval
w x Ž .0, 1 , and M w be the Lorentz space consisting of all random variables x
such that
w tŽ . t U5 5x s sup x s ds - ‘.Ž .M Žw . Ht 00-tF1
Ž . Ž .In general, M w does not have absolutely continuous norm, while M w
Ž w x. Ž . Ž . Ž .is a r.i. space see 1, pp. 67]69 . Hence, if X s M w , then b and c of
Ž . Ž .Theorem 3 are equivalent by Theorem 2, but a and b are not equiva-
‘ Ž . ‘lent. Note that the same is true for X s L , since M w s L when w ’ 1.
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3. CONVERGENCE IN WEIGHTED L p-SPACES
We shall investigate the convergence of a martingale and its weighted
average in weighted L p-spaces.
w xIzumisawa and Kazamaki 6 studied some martingale inequalities in
weighted L p-spaces and introduced the condition A , the probabilisticp
analog of the condition A in classical analysis. In this section, we shallp
see that the condition A is suitable for describing our result.p
Ž .Let z s z , F be a uniformly integrable martingale such thatn n nG1
w x Ž .z ) 0 a.s. and E z s 1. A martingale z s z satisfying these condi-‘ ‘ n
tions is called a weight martingale. Let 1 F p - ‘ and suppose that
zy1rŽ py1. g L1 or zy1 g L‘ , 10Ž .‘ ‘
pŽ .according as p ) 1 or p s 1. We denote by L z the space of all random
variables x such that
1rpp5 5 < <x [ E x z - ‘.p , z ‘
Ž pŽ . 5 5 . Ž . Ž .Then L z , ? is a Banach function space. In fact, b and c ofp, z
Ž .Definition 1 are obvious, and a of Definition 1 immediately follows from
Ž .Eq. 10 and Holder’s inequality.¨
Ž . ŽThe weight martingale z s z , F is said to satisfy A with respect ton n p
Ž ..F ifn
py1Ž .1r py1z zn n
sup E F F K a.s. or sup F K a.s., AŽ .n pž /z zn n‘ ‘
according as p ) 1 or p s 1, where K is a positive constant.
w xThe following lemma is due to Doleans-Dade and Meyer 5 . We shall´
present a simplification of their proof.
Ž .LEMMA 3. Let 1 F p - ‘ and z s z , F be a weight martingalen n nG1
Ž .satisfying Eq. 10 . Then the following conditions are equi¤alent:
Ž . Ž pŽ .. 5 5 p 1r pa E g L L z for all n G 1 and sup E F K ;L ŽL Ž z ..n n n
Ž . Ž . Ž .b z s z , F satisfies Eq. A .n n p
Ž . pŽ .Proof. Assume b and let x g L z . By Holder’s inequality, we have¨
pp 1r p y1r p < <w xE x ‹ F z F E z z x ‹ F zn n ‘ ‘ n n
py1Ž .1r py1p< <F E x z ‹ F E z rz ‹ F ,Ž .‘ n n ‘ n
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Ž .provided 1 - p - ‘. Hence, Eq. A shows thatp
p p< <w xE x ‹ F z F KE x z ‹ F .n n ‘ n
Obviously, this inequality is also valid when p s 1. Thus we have
p p p< <w x w xE E x ‹ F z s E E x ‹ F z F KE x z ,n ‘ n n ‘
Ž .which implies a .
Ž .Conversely, suppose that a is true. Then for any nonnegative random
variable x, we have
p pw xE E x ‹ F z F KE x z . 11Ž .n n ‘
We first assume that 1 - p - ‘. Let « ) 0 and set x s zyw1rŽ py1.x1‘  z ) « 4l A‘
Ž .in Eq. 11 , where A g F . It follows thatn
pyw1rŽ py1.x yw1rŽ py1.xE E z 1 ‹ F z 1 F KE z 1 1 .‘  z ) « 4 n n A ‘  z ) « 4 A‘ ‘
Since A g F is arbitrary, we haven
pyw1rŽ py1.x yw1rŽ py1.xE z 1 ‹ F z F KE z 1 ‹ F a.s.,‘  z ) « 4 n n ‘  z ) « 4 n‘ ‘
or equivalently,
py1Ž .1r py1E z rz 1 ‹ F F K a.s.Ž .n ‘  z ) « 4 n‘
Ž . Ž .Letting « “ 0, we see that z s z satisfies Eq. A .n p
Ž . w x w xNow assume p s 1. Then Eq. 11 can be rewritten as E xz F KE xz .n ‘
Setting x s zy11 for an arbitrary A g F, we have‘ A
E z rz 1 F KP A .Ž . Ž .n ‘ A
This implies that z rz F K a.s. and the lemma is established.n ‘
pŽ .Notice that, if 1 F p - ‘, then L z has absolutely continuous norm.
Therefore, from Theorem 3 and Lemma 3, we obtain the following.
Ž .THEOREM 4. Let z s z , F be a weight martingale satisfying Eq.n n nG1
Ž . Ž . Ž .10 , f s f , F a martingale, and w a weight sequence. Ifn n nG1 n nG1
Ž . Ž .z s z , F satisfies, Eq. A , then the following conditions are equi¤alent:n n p
Ž . Ž . pŽ .a f s f is uniformly integrable and f g L z ;n ‘
Ž . Ž . pŽ .b f s f con¤erges in L z ;n
Ž . Ž Ž .. pŽ .c s f con¤erges in L z .n
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4. EXAMPLES
In this section, we shall give examples which show that we cannot
5 5remove the hypothesis sup E - ‘ in Theorems 1 and 2. We shallL Ž X .n n
use the following two elementary lemmas.
Ž .LEMMA 4. Let w be a weight sequence. If lim w rW s 0, thenn nG1 n nn
Ž .there exists a subsequence w such thatn k G1k
1
lim w q w q ??? qw s 0. 12Ž . Ž .n n n1 2 kWk“‘ nk
Ž . ‘Proof. We can find a subsequence w such that Ý w rW - ‘ byn ks1 n nk k k
Ž . Ž .hypothesis. Then w satisfies Eq. 12 . Indeed, we have for every k ) m,nk
k m k w1 1 n jw F w qÝ Ý Ýn nj jW W Wn n njs1 js1 jsmq1k k j
m ‘ w1 n jF w q .Ý Ýn jW Wn njs1 jsmq1k j
This shows that, for each m G 1,
‘ w1 n jlim w q ??? qw F .Ž . Ýn n1 kW Wn nk“‘ jsmq1k j
Ž .Letting m “ ‘, we obtain Eq. 12 .
Ž . Ž .LEMMA 5. Let w be a weight sequence, w be a subsequencen nG1 n k G1k
Ž . Ž .satisfying Eq. 12 , and N denote the set of n , k G 1. If a is ak n nG1
bounded sequence of nonnegati¤e numbers such that
lim a s 0,n
n“‘
nf N
Ž .Ž .then 1rW w a q w a q ??? qw a “ 0 as n “ ‘.n 1 1 2 2 n n
Proof. Given an « ) 0, choose an integer N such that 0 F a F «j
Ž .  4whenever j ) N and j f N. For each n ) N, put p n s max n : n F n .k k
Then we have
n n N1 1
w a q ??? qw a s w a q w a q w aŽ . Ý Ý Ý1 1 n n j j j j j jW W  0n n jsNq1 jsNq1 js1
jf N jg N
Ž .p n NK 1
F « q w q w a ,Ý Ýj j jW WpŽn. njs1 js1
jg N
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Ž . Ž .where K denotes an upper bound of a . Since p n “ ‘ as n “ ‘, wen
Ž .have by Eq. 12 that
1
lim w a q ??? qw a F « ,Ž .1 1 n nWnn“‘
which completes the proof.
w xEXAMPLE 1. Let V s 0, 1 be the probability space with Lebesgue
measure P and the s-field of Lebesgue measurable sets F. We denote by
X the Banach space of random variables x on V such that
1rp
1 p '5 5x [ x t d t - ‘,Ž .X Hž /0
where 1 F p - ‘ is arbitrarily fixed. If 1 - p - ‘ and x g X, then Holder’s¨
inequality shows that
1rp X1rpXdt1 1 p rpp '5 5x F x t 2 t dtŽ . Ž .1 H Hž /ž /'2 t0 0
1rpXp y 1
5 5s 2 x ,Xž /2 p y 1
X Ž . 1where p s pr p y 1 . Thus we see that X ¤ L . Evidently, we have the
same embedding also for p s 1. On the other hand, we have L‘ ¤ X ;
Ž . Ž . Ž .hence X satisfies a of Definition 1. Since X satisfies b and c of
Ž 5 5 .Definition 1, X, ? is a Banach function space.X
Let f be the random variable on V given by‘
y1r2 p1 y t , if 1r2 F t F 1,Ž .f t sŽ .‘ ½ 0, otherwise.
5 5 Ž .1r pThen it is easy to see that f g X and f s pr4 .X‘ ‘
For integers m, n G 2, we put
1 1A s 0, , B s 1 y , 1 , C s A j B .m n m , n m nm n
Let F denote the s-field generated by C and the measurable subsetsm , n m , n
of V_C ; C is a single atom with respect to F and P. Putm , n m , n m , n
w xf s E f ‹ F , m , n G 2.m , n ‘ m , n
It follows that
1Cm , nf s f 1 q f dPHm , n ‘ V _ C ‘m , n P CŽ . Cm , n m , n
2 p mn1r2 p
s f 1 q ? 1 .‘ V _ C Cm , n m , n2 p y 1 m q n
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Note that
1rp1r2y1r2 y15 51 s m q 1 y 1 y nŽ .½ 5XCm , n
1rpy1r2 y1r2 y1r2 p y1r2 pF m q n F m q n .Ž .
Using these facts, we have the following inequalities:
5 5f y f s f y f 1Ž .Xm , n ‘ m , n ‘ Cm , n X
5 5 5 5F f 1 q f 1X Xm , n C ‘ Bm , n n
2 p mn1r2 p
y1r2 p y1r2 p 5 5s ? m q n q f 1Ž . X‘ Bn2 p y 1 m q n
2 p m1y1r2 pn1r2 p q m
5 5s ? q f 1 X‘ Bn2 p y 1 m q n
1rp4 p p
F q .ž /2 p y 1 4
5 5Since f 1 “ 0 by the dominated convergence theorem, we see thatX‘ Bn
Ž . 5 5i lim f y f s 0 for each fixed m G 2;Xn“‘ m , n ‘
Ž . 5 5 Ž .y1 Ž .1r pii f y f F K [ 4 p 2 p y 1 q pr4 for all m, n G 2.Xm , n ‘
Ž .y1 1r2 pOn the other hand, since f s p 2 p y 1 n on A , we haven, n n
p p
1r2 p5 5 5 5 5 5f y f G f 1 s n 1 sX X Xn , n ‘ n , n A An n2 p y 1 2 p y 1
for every n G 2.
Now assume that lim w rW s 0. We shall construct a uniformly inte-n nn
Ž . 5 Ž . 5 5grable martingale f s f , F such that s f y f “ 0 and f yXn n nG1 n ‘ n
5f ¢ 0.X‘
Ž .According to Lemma 4, there is a subsequence w satisfying Eq.n k G1k
Ž . 5 512 . Let m s 2 and choose an integer N G 2 so that f y f F 1X0 0 m , n ‘0
Ž .whenever n ) N . This is possible by i above. Then we define f and F ,0 j j
j s 1, 2, . . . , n , as follows: set m s N q n and1 1 0 1
f , j s 1, 2, . . . , n y 1,m , N qj 10 0f sj ½ f , j s n ,m , m 11 1
F , j s 1, 2, . . . , n y 1,m , N qj 10 0
F sj ½ F , j s n .m , m 11 1
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5 5It follows that F ; F and f y f F 1 for j s 1, 2, . . . , n y 1, andXj jq1 j ‘ 1
Ž . 5 5 Ž .that pr 2 p y 1 F f y f F K, where K is the constant given in ii .Xn ‘1
5 5Now choose N G m so that f y f F 1r2 whenever n ) N ,X1 1 m , n ‘ 11
and then define f and F , j s 1, 2, . . . , n y n , as follows: setn qj n qj 2 11 1
m s N q n y n and2 1 2 1
f , j s 1, 2, . . . , n y n y 1,m , N qj 2 11 1f sn qj1 ½ f , j s n y n ,m , m 2 12 2
F , j s 1, 2, . . . , n y n y 1,m , N qj 2 11 1
F sn qj1 ½ F , j s n y n .m , m 2 12 2
Ž .n2Thus we obtain an increasing family F of sub-s-fields of F and aj js1
Ž .n2martingale f , F such thatj j js1
5 5f y f F 1, 1 F j - n ,Xj ‘ 1
5 5f y f F 1r2, n - j - n ,Xj ‘ 1 2
and
p
5 5F f y f F K , k s 1, 2.Xn ‘k2 p y 1
Define inductively f and F in the same manner as above. Then we obtainj j
Ž .a martingale f s f , F such thatj j jG1
5 5f y f F 1rk , n - j - n , k G 1, 13Ž .Xj ‘ ky1 k
p
5 5F f y f F K , k G 1, 14Ž .Xn ‘k2 p y 1
Ž .where n s 0. Let N denote the set of n , n , . . . . Then Eq. 13 gives that0 1 2
5 5lim f y f s 0.Xj ‘
j“‘
jf N
In view of Lemma 5, we see that
n1
5 5s f y f F w f y f “ 0 as n “ ‘,Ž . Ý Xn ‘ j j ‘X Wn js1
5 5 Ž .while f y f ¢ 0 by Eq. 14 .Xn ‘
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w xNow note that every E s E ?‹ F is a bounded linear operator onm , n m , n
X into itself. This follows from the inequalities
1
< < 5 5 5 5w xE x ‹ F F x dP 1 q x1H X Xm , n C V _ CX m , n m , nž /P CŽ . Cm , n m , n
5 5 5 5 X 5 5F c x q x F c x ,1 X X
where c and cX are positive constants depending on m and n, but
w x Ž .independent of x g X. In particular, E s E ?‹ F g L X for every n Gn n
5 51. But Theorem 2 shows that sup E s ‘. Indeed, we haveL Ž X .n n
E 1 ‹ FB n 1rpn kk X s n q n y 1 q 1 “ ‘ as k “ ‘.' 'ž /k k5 51 XBnk
Ž .EXAMPLE 2. Let V, F, P be as in Example 1. For each random
variable x on V, we put
1r2 1'5 5x s x t d t q x t dt.Ž . Ž .X H H
0 1r2
5 5Let X denote the set of all x such that x - ‘. Then it is easy to seeX
Ž 5 5 .that X, ? is a Banach function space.X
Let F be the s-field defined in Example 1, and setm , n
mn
f s 1 , m , n G 2.m , n Cm , nm q n
Then each f is F -measurable andm , n m , n
X X< X X X XE f F s f if 2 F m F m and 2 F n F n. 15Ž .m , n m , n m , n
For each n G 2, we have
2n 1 '5 5 5 52f s F 2, f s 1 q n . 16Ž .Ž .X Xn , n n , nn q 1 2
Ž . 5 Ž .5We construct a martingale f s f such that sup s f - ‘ forXn nG1 n n
Ž . 5 5some weight sequence w , and that sup f s ‘. For each j G 1, weXn n n
set
22
ky 1
, if j s 2k y 1,
m sj k2½ 2 , if j s 2k ,
and
22
k
, if j s 2k y 1,
n sj k2½ 2 , if j s 2k .
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Ž . Ž .It is clear that both m and n are nondecreasing in j, and thatj jG1 j jG1
m2 s n if j is odd; m s n if j is even. 17Ž .j j j j
Ž .Put f s f and F s F , j s 1, 2, . . . . Then Eq. 15 shows thatj m , n j m , nj j j j
Ž . Ž . Ž .f s f , F is a martingale. From Eqs. 16 and 17 , we see thatj j jG1
15 5 Ž . 5 5 Ž .f s 1 q n if j is even, and hence sup f s ‘. Let w be'X Xj j j j j jG12
the sequence given by
1, if j is odd,¡~ y1w sj ¢ 1 q n , if j is even.'ž /j
n Ž .Then, since W s Ý w G nr2, we have by Eq. 16 thatn js1 j
n1 2 n 1 n 5
5 5s f F w f F 2 ? q ? s ,Ž . Ý Xn j jX ž /W n 2 2 2 2n js1
5 Ž .5and thus sup s f F 5r2.Xn n
5 5We have sup E s ‘ as in Example 1, and we cannot remove theL Ž X .n n
5 5hypothesis sup E - ‘ in Theorem 1.L Ž X .n n
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